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APPROXIMATION OF MAXIMAL PLURISUBHARMONIC
FUNCTIONS
DO HOANG SON
Abstract. Let u be a maximal plurisubharmonic function in a domain Ω ⊂ Cn
(n ≥ 2). It is classical that, for any U ⋐ Ω, there exists a sequence of bounded
plurisubharmonic functions PSH(U) ∋ uj ց u satisfying the property: (ddcuj)n is
weakly convergent to 0 as j →∞. In general, this property does not hold for arbitrary
sequence. In this paper, we show that for any sequence of bounded plurisubharmonic
functions PSH(U) ∋ uj ց u, (|uj |+ 1)−a(ddcuj)n is weakly convergent to 0 as j →
∞, where a > n−1. We also generalize some well-known results about approximation
of maximal plurisubharmonic functions.
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Introduction
Let Ω ⊂ Cn be a bounded domain (n ≥ 2). A function u ∈ PSH(Ω) is called
maximal if for every open set G ⋐ Ω, and for each upper semicontinuous function v on
G¯ such that v ∈ PSH(G) and v|∂G ≤ u|∂G, we have v ≤ u. There are some equivalent
descriptions of maximality which have been presented in [Sad81], [Kli91]. We denote
by MPSH(Ω) the set of all maximal plurisubharmonic functions in Ω.
Sadullaev [Sad81] has proved that, if u ∈ MPSH(Ω) then for any U ⋐ Ω, there
exists a sequence of functions PSH(U) ∩C(U) ∋ uj ց u such that (ddcuj)n is weakly
convergent to 0 as j →∞. If u belongs in the domain of definition of Monge-Ampe`re
operator (see [Ceg04], [Blo06]), it implies that (ddcu)n = 0. By the comparison principle
[BT82], it is also a sufficient condition for maximality.
In general, a maximal plurisubharmonic function may belong outside the domain
of definition of Monge-Ampe`re operator, i.e., there exists also a sequence of func-
tions PSH(U) ∩ C(U) ∋ vj ց u such that (ddcvj)n is not weakly convergent to 0 as
j → ∞. For example, Cegrell [Ceg86] has shown that if u = log |z1|2 + ... + log |zn|2
and vj = log(|z1|2+ 1
j
)+ ...+log(|zn|2+ 1
j
) then u is maximal in Cn but (ddcvj)
n is not
convergent to 0. Blocki [Blo09] has given another example that u = −√log |z| log |w|
is maximal in ∆2 \ {(0, 0)} but (ddcmax{u,−j})n is not convergent to 0.
In this paper, we show that, for any sequence uj, the sequence of weighted Monge-
Ampe`re operators (|uj|+ 1)−a(ddcuj)n is convergent to 0 for all a > n− 1.
Theorem 0.1. Let u be a negative maximal plurisubharmonic function in Ω ⊂ Cn and
let U, U˜ be open subset of Ω such that U ⋐ U˜ ⋐ Ω. Assume that uj ∈ PSH−(U˜) ∩
L∞(U˜) is decreasing to u in U˜ . Then
(1)
∫
U
(|uj|+ 1)−a(ddcuj)n j→∞−→ 0, ∀a > n− 1.
There is an interesting observation that if u is maximal on every leaf of a holomorphic
foliation on Ω then u is maximal in Ω. We generalize this observation as following:
Theorem 0.2. Let Ω ⊂ Cn be a domain and 1 ≤ q < n. Let {Tj}j∈J be a family of
closed, positive currents of bidegree (n− q, n− q) in Ω such that∫
Ω
Tj ∧ ωq > 0,
for all j ∈ J , where ω = ddc|z|2. Assume also that, for any Borel set E ⊂ Ω, if∫
E
Tj ∧ ωq = 0 for all j ∈ J then λ(E) = 0, where λ is Lebesgue measure. Let u ∈
PSH(Ω) and, for any k ∈ Z+, j ∈ J , let ujk ∈ PSH(Ω) ∩ L∞(Ω) such that ujk is
decreasing to u as k →∞. If
lim
k→∞
∫
Ω
Tj ∧ (ddcujk)q = 0,
for all j ∈ J then u is maximal.
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In [Blo09], Blocki has proved that u = −√log |z| log |w| is maximal in ∆2 \ {(0, 0)}
but (ddcmax{u,−j})n is not convergent to 0. By using another method of calculation,
we improve Blocki’s result as the following:
Theorem 0.3. Let χm : (−∞, 0) → (−∞, 0) be bounded convex non-decreasing func-
tions such that χm is decreasing to Id as m → ∞. Let u = −
√
log |z| log |w| and
um = χm(u). Then (dd
cum)
n is not weakly convergent to 0 as m→∞.
1. On the weighted Monge-Ampe`re operator
1.1. A class of maximal plurisubharmonic functions. We say that a function
u ∈ PSH−(Ω) hasM1 property iff for every open set U ⋐ Ω, there are uj ∈ PSH−(U)∩
C(U) such that uj is decreasing to u in U and
(2) lim
j→∞

 ∫
U∩{uj>−t}
(ddcuj)
n +
∫
U∩{uj>−t}
duj ∧ dcuj ∧ (ddcuj)n−1

 = 0,
for any t > 0. We denote by M1PSH(Ω) the set of negative plurisubharmonic func-
tions in Ω satisfying M1 property.
Theorem 1.1. Let Ω be a bounded domain in Cn and u ∈ PSH−(Ω). Then the
following conditions are equivalent
(i) u ∈M1PSH(Ω).
(ii) χ(u) ∈MPSH(Ω) for any convex non-decreasing function χ : R→ R.
(iii) For any open sets U, U˜ such that U ⋐ U˜ ⋐ Ω, for any uj ∈ PSH−(U˜) ∩ C(U˜)
such that uj is decreasing to u in U˜ , we have
lim
j→∞
(∫
U
|uj|−a(ddcuj)n +
∫
U
|uj|−a−1duj ∧ dcuj ∧ (ddcuj)n−1
)
= 0,
for all a > n− 1.
In particular, M1 property is a local notion and M1PSH(Ω) ⊂MPSH(Ω).
Proof. (iii⇒ i): Obvious.
(i⇒ ii):
Assume that U ⋐ U˜ ⋐ Ω. Let uj ∈ PSH−(U) ∩ C(U) such that uj is decreasing to u
in U and the condition (2) is satisfied.
If χ is smooth and χ is constant in some interval (−∞,−m) then
(ddcχ(uj))
n = (χ′(uj))n(ddcuj)n + nχ′′(uj)(χ′(uj))n−1duj ∧ dcuj ∧ (ddcuj)n−1
≤ C1{uj>−t}(ddcuj)n + C1{uj>−t}duj ∧ dcuj ∧ (ddcuj)n−1,
where C, t > 0 depend only on χ. Hence∫
U
(ddcχ(uj))
n j→∞−→ 0.
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Then, χ(u) is maximal on U for any open set U ⋐ Ω. Thus χ(u) ∈MPSH(Ω).
In the general case, for any convex non-decreasing function χ, we can find χl ց χ such
that χl is smooth, convex and χ|(−∞,−m) = const for some m. By above argument,
χl ∈MPSH(Ω) for any l ∈ N. Hence χ(u) ∈MPSH(Ω).
(ii⇒ iii):
For any 0 < α < 1
n
, the function
Φα(t) = −(−t)α
is convex and non-decreasing in R−. Assume that u satisfies (ii), we have Φα ∈
MPSH(Ω).
By [Bed93] (see also [Blo09]), for any 0 < α < 1
n
, we have Φα(u) ∈ D(Ω). Then, for
any uj ∈ PSH−(U˜) ∩ C(U˜) such that uj is decreasing to u in U˜ , we have∫
U
(ddcΦα(uj))
n j→∞−→ 0, ∀0 < α < 1
n
,
and it implies (iii).
By (i ⇔ ii), we conclude that M1PSH(Ω) ⊂ MPSH(Ω). Finally, we need to
show that M1 property is a local notion. Assume that u has local M1 property. Let
U ⋐ U˜ ⋐ Ω be open sets. By the compactness of U¯ and by the local M1 property of
u, there are open sets U1, ..., Um, U˜1, ..., U˜m such that
∀k = 1, ..., m : Uk ⋐ U˜k ⋐ U˜ and u ∈M1PSH(U˜k),
and
U¯ ⊂
m⋃
k=1
Uk.
Let uj ∈ PSH−(U˜)∩C(U˜) such that uj is decreasing to u in U˜ , we have, by (i⇔ iii),
lim
j→∞
(∫
Uk
|uj|−a(ddcuj)n +
∫
Uk
|uj|−a−1duj ∧ dcuj ∧ (ddcuj)n−1
)
= 0,
for all a > n− 1 and k = 1, ..., m. Hence,
lim
j→∞
(∫
U
|uj|−a(ddcuj)n +
∫
U
|uj|−a−1duj ∧ dcuj ∧ (ddcuj)n−1
)
= 0, ∀a > n− 1.
Then u satisfies (iii). Thus u has M1 property. 
The following proposition is an immediately corollary of Theorem 1.1
Proposition 1.2. Let Ω be a bounded domain in Cn.
(i) If u ∈ M1PSH(Ω) then χ(u) ∈ M1PSH(Ω) for any convex non-decreasing
function χ : R− → R−.
(ii) If uj ∈ M1PSH(Ω) and uj is decreasing to u then u ∈M1PSH(Ω).
(iii) Let u ∈ PSH−(Ω) ∩ C2(Ω \ F ), where F = {z : u(z) = −∞} is closed. If
(ddcu)n = du ∧ dcu ∧ (ddcu)n−1 = 0
in Ω \ F then u ∈M1PSH(Ω).
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In some special cases, we can easily check M1 property by the following criteria
Proposition 1.3. Let Ω be a bounded domain in Cn. Let χ : R → R be a smooth
convex increasing function such that χ′′(t) > 0 for any t ∈ R. Assume also that χ is
lower bounded. If u ∈ PSH−(Ω) and χ(u) ∈MPSH(Ω) then u ∈M1PSH(Ω).
Proof. Let U ⋐ U˜ ⋐ Ω and uj ∈ PSH(U˜) ∩ C(U˜) such that uj is decreasing to u.
Then
ddc(χ(uj)) = χ
′(uj)ddcuj + χ′′(uj)duj ∧ dcuj
and
(ddcχ(uj))
n = (χ′(uj))n(ddcuj)n + nχ′′(uj)(χ′(uj))n−1duj ∧ dcuj ∧ (ddcuj)n−1.
For any t > 0, there exists C > 0 depending only on t and χ such that
(3) (ddcχ(uj))
n ≥ C1{uj>−t}(ddcuj)n + C1{uj>−t}duj ∧ dcuj ∧ (ddcuj)n−1.
Note that χ(u) ∈ D(Ω) ∩MPSH(Ω). Hence
(4) lim
j→∞
∫
U
(ddcχ(uj))
n = 0.
Combining (3) and (4), we have
lim
j→∞
( ∫
U∩{uj>−t}
(ddcuj)
n +
∫
U∩{uj>−t}
duj ∧ dcuj ∧ (ddcuj)n−1
)
= 0.
Thus u ∈M1PSH(Ω). 
Example 1.4. (i) If u is a negative plurisubharmonic function in Ω ⊂ Cn depending
only on n− 1 variables then u has M1 property.
(ii) If f : Ω→ Cn is a holomorphic mapping of rank < n then (ddc|f |2)n = 0 (see, for
example, in [Ras98]). Then, by Proposition 1.3, log |f | ∈ M1PSH(Ω) if it is negative
in Ω.
1.2. Doubling variables technique.
Theorem 1.5. If u, v ∈ MPSH(Ω) and χ : R → R is a convex non-decreasing
function then (z, w) 7→ χ(u(z) + v(w)) ∈MPSH(Ω× Ω).
Proof. Without loss of generality, we can assume that u, v ∈ PSH−(Ω).
Let z0, w0 ∈ Ω and open balls U, U˜, V, V˜ such that z0 ∈ U ⋐ U˜ ⋐ Ω, w0 ∈ V ⋐ V˜ ⋐
Ω. We have u ∈MPSH(U˜) and v ∈MPSH(V˜ ). We will show that u(z) + v(w) have
M1 property in U × V .
Let uj ∈ PSH−(U˜)∩C(U˜) and vj ∈ PSH−(V˜ )∩C(V˜ ) such that uj is decreasing to
u in U˜ and vj is decreasing to v in V˜ . By [Wal68], there are u˜j ∈ PSH−(U˜) ∩ C(U˜),
v˜j ∈ PSH−(V˜ ) ∩ C(V˜ ) such that

u˜j = uj in U˜ \ U,
v˜j = vj in V˜ \ V,
(ddcu˜j)
n = 0 in U,
(ddcv˜j)
n = 0 in V.
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By the maximality of u and v, we conclude that u˜j is decreasing to u in U˜ and v˜j is
decreasing to v in V˜ . In U × V , we have
(ddc(u˜j(z) + v˜j(w)))
2n = Cn2n(dd
cu˜j)
n
z ∧ (ddcv˜j)nw = 0
d(u˜j(z) + v˜j(w)) ∧ dc(u˜j(z) + v˜j(w)) ∧ (ddc(u˜j(z) + v˜j(w)))2n−1
= Cn−12n−1dzu˜j ∧ dczu˜j ∧ (ddcu˜j)n−1z ∧ (ddcv˜j)nw +Cn−12n−1dwv˜j ∧ dcwv˜j ∧ (ddcv˜j)n−1w ∧ (ddcu˜j)nz
= 0.
Then u(z) + v(w) has M1 property in U × V . By Theorem 1.1, M1 property is a
local notion. Hence u(z) + v(w) ∈M1PSH(Ω×Ω). And it implies that u(z) + v(w) ∈
MPSHχ(Ω× Ω) for any convex non-decreasing function χ. 
1.3. Proof of Theorem 0.1. Without loss of generality, we can assume that u, uj < 0.
We need to show that
(5)
∫
U
|uj|−a(ddcuj)n j→∞−→ 0, ∀a > n− 1.
Let v = |z1|2 + ... + |zn−1|2 + xn + yn −M , where M = sup
Ω
(|z|2 + |xn| + |yn|). Then
v ∈ MPSH(Ω). By Theorem 1.5, χ(u(z) + v(w)) ∈ MPSH(Ω × Ω) for any convex
non-decreasing function χ.
By [Bed93],[Blo09], for any 0 < α < 1
2n
, we have Φα(u(z)+v(w)) ∈ D(Ω×Ω), where
Φα is defined as in the proof of Theorem 1.1.
Then ∫
U×U
(ddcΦ(uj(z) + v(w)))
2n j→∞−→ 0,
for any 0 < α < 1
2n
. Hence
(6)
∫
U
|uj|−2n−1+2nα(ddcuj)n j→∞−→ 0, ∀0 < α < 1
2n
.
Moreover, Φβ(u) ∈ D(Ω) for any 0 < β < 1n . Then, for any 0 < β < 1n , there is Cβ > 0
such that ∫
U
(ddcΦβ(uj))
n ≤ Cβ, ∀j > 0.
Hence
(7)
∫
U
|uj|−n+nβ(ddcuj)n ≤ Cβ, ∀j > 0, ∀0 < β < 1
n
.
Combining (6), (7) and using Ho¨lder inequality, we obtain (5).
2. A sufficient condition for maximality
The purpose of this section is to give a proof of Theorem 0.2. In order to prove
Theorem 0.2, we need to use the comparison principle.
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2.1. Comparison principle. In [BT82], Bedford and Taylor have proved the follow-
ing comparison principle
Theorem 2.1. Let Ω ⊂ Cn be a bounded domain. Let u, v ∈ PSH(Ω) ∩ L∞(Ω) such
that
lim inf
Ω∋z→∂Ω
(u(z)− v(z)) ≥ 0.
Then ∫
u<v
(ddcv)n ≤ ∫
u<v
(ddcu)n.
This theorem has been generalized by Xing (1996) and then by Nguyen Van Khue
and Pham Hoang Hiep (2009):
Theorem 2.2. [Xing96] Let Ω ⊂ Cn be a bounded domain. Let u, v be bounded plurisub-
harmonic functions in Ω such that
lim inf
Ω∋z→∂Ω
(u(z)− v(z)) ≥ 0.
Then, for any constant r ≥ 1 and all w1, ..., wn ∈ PSH(Ω, [0, 1]),
1
(n!)2
∫
{u<v}
(v − u)nddcw1 ∧ ... ∧ ddcwn +
∫
{u<v}
(r − w1)(ddcv)n ≤
∫
{u<v}
(r − w1)(ddcu)n.
Theorem 2.3. [NP09] Let Ω ⊂ Cn be a bounded domain. Let u, v ∈ E(Ω). Assume
that
lim inf
Ω∋z→∂Ω
(u(z)− v(z)) ≥ 0.
Then, for any r ≥ 1,
1
k!
∫
{u<v}
(v − u)kddcw1 ∧ ... ∧ ddcwn +
∫
{u<v}
(r − w1)(ddcv)k ∧ ddcwk+1 ∧ ... ∧ ddcwn ≤∫
{u<v}∪{u=v=−∞}
(r − w1)(ddcu)k ∧ ddcwk+1 ∧ ... ∧ ddcwn,
where 1 ≤ k ≤ n, w1, ..., wk ∈ PSH(Ω, [0, 1]), wk+1, ..., wn ∈ E(Ω).
In this section, we will use another improved version of Theorem 2.1:
Theorem 2.4. Let Ω ⊂ Cn be a bounded domain. Let u, v ∈ PSH(Ω) ∩ L∞(Ω) such
that
lim inf
Ω∋z→∂Ω
(u(z)− v(z)) ≥ 0.
Assume that T is a closed, positive current of bidegree (n− q, n− q) in Ω. Then∫
u<v
(ddcv)q ∧ T ≤ ∫
u<v
(ddcu)q ∧ T.
The proof of Theorem 2.4 is straight forward from the classical result. The details of
arguments can be found in [BT82] and some books (for example, [Kli91] and [Kol05]).
For the reader’s convenience, we also give the details in the appendix.
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2.2. Proof of Theorem 0.2. Without loss of generality, we can assume that Ω is
bounded and ujk ≥ u+ 1
k
for any j, k. We will show that, for any open set G ⋐ Ω, if
v ∈ PSH(Ω) satisfies v ≤ u on Ω \G then ∫
{u<v}
Tj ∧ ωq = 0 for any j ∈ J .
Denote M = sup
Ω
|z|2 . For any ǫ > 0 and j ∈ J , we define
vjk(z) =
{
ujk(z) if z ∈ Ω \G,
max {ujk(z), v(z) + ǫ(|z|2 −M)} if z ∈ G.
By the comparison principle, we have,∫
{ujk<vjk}
(ddcvjk)
q ∧ Tj ≤
∫
{ujk<vjk}
(ddcujk)
q ∧ Tj .
Hence
ǫq
∫
{ujk<v+ǫ(|z|2−M)}
ωq ∧ Tj ≤
∫
Ω
(ddcujk)
q ∧ Tj.
Letting k →∞, we get ∫
{u<v+ǫ(|z|2−M)}
ωq ∧ Tj = 0.
Since ǫ and j are arbitrary, we obtain∫
{u<v}
ωq ∧ Tj = 0,
for any j ∈ J . By the assumption, we have λ({u < v}) = 0. Hence v ≤ u in Ω.
The proof is completed.
3. On the Blocki’s example
In this section, we give a proof of Theorem 0.3. In calculating, we use the notation
dc = i(∂¯ − ∂).
Denote f(z) = −√− log |z|. We have, for any z ∈ ∆ \ {0},
∂f
∂z
(z) =
1
4z
√− log |z| ,
and
∂2f
∂z∂z¯
(z) =
1
16|z|2(√− log |z|)3 .
Then
(8) f.
∂2f
∂z∂z¯
= −
(
∂f
∂z
)2
.
Note that u(z, w) = −f(z).f(w). Hence, for any (z, w) ∈ (∆ \ {0})2,
∂u = −∂f
∂z
(z).f(w)dz − ∂f
∂w
(w).f(z)dw,
and
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du ∧ dcu = 2i∂u ∧ ∂¯u = |∂f
∂z
(z)|2.(f(w))2.2idz ∧ dz¯ + | ∂f
∂w
(w)|2.(f(z))2.2idw ∧ dw¯ +
∂f
∂z
(z).
∂f
∂w¯
(w)f(z)f(w).2idz ∧ dw¯ + ∂f
∂w
(w).
∂f
∂z¯
(z)f(z)f(w).2idw ∧ dz¯,
and
ddcu = 2i∂∂¯u = − ∂
2f
∂z∂z¯
(z)f(w).2idz ∧ dz¯ − ∂
2f
∂w∂w¯
(w)f(z).2idw ∧ dw¯ −
∂f
∂z
(z)
∂f
∂w¯
(w).2idz ∧ dw¯ − ∂f
∂w
(w)
∂f
∂z¯
(z).2idw ∧ dz¯.
Then
du ∧ dcu ∧ ddcu = (2|∂f
∂z
(z)|2.| ∂f
∂w
(w)|2f(z)f(w)− |∂f
∂z
(z)|2.(f(w))2.f(z) ∂
2f
∂w∂w¯
(w)−
|∂f
∂z
(w)|2.(f(z))2.f(w) ∂
2f
∂z∂z¯
(z))(2idz ∧ dz¯) ∧ (2idw ∧ dw¯).
By (8), we have
du ∧ dcu ∧ ddcu = 64|∂f
∂z
(z)|2.| ∂f
∂w
(w)|2f(z)f(w)dV4 = dV4
4
√
log |z| log |w||z|2|w|2 ,
where dV4 is the standard volume form in R
4.
Let χ : (−∞, 0)→ (−∞, 0) be a smooth, convex, non-decreasing function such that
χ is constant in some interval (−∞,−M). We have
dχ(u) = χ′(u)du, dcχ(u) = χ′(u)dcu,
and
ddcχ(u) = χ′′(u)du ∧ dcu+ χ′(u)ddcu.
Then
(ddcχ(u))2 = (χ′(u))2(ddcu)2 + 2χ′(u)χ′′(u)du ∧ dcu ∧ ddcu
= 2χ′(u)χ′′(u)du ∧ dcu ∧ ddcu
=
χ′(u)χ′′(u)
2
√
log |z| log |w||z|2|w|2dV4.
Let w0 ∈ ∆ \ {0} and 0 < 2r < min{|w0|, 1− |w0|}. We will estimate
I := I(χ,w0, r) :=
∫
∆r×∆r(w0)
χ′(u)χ′′(u)
2
√
log |z| log |w||z|2|w|2dV4,
where ∆r = {z ∈ C : |z| < r}, ∆r(w0) = {w ∈ C : |w − w0| < r}.
By using Fubini’s theorem and changing to polar coordinates, we get
I =
∫
∆r(w0)
r∫
0
2πχ′(−√− log |w|√− log t)χ′′(−√− log |w|√− log t)√− log |w||w|2.√− log t.t dtdV2(w).
Using the substitution s = −√− log t, we have
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I(χ,w0, r) =
∫
∆r(w0)
4π√− log |w||w|2
−√− log r∫
−∞
χ′(
√
− log |w|s)χ′′(
√
− log |w|s)dsdV2(w)
=
∫
∆r(w0)
2π
(− log |w|)|w|2
−√− log r∫
−∞
d(χ′(
√
− log |w|s))2
ds
dsdV2(w)
=
∫
∆r(w0)
2π(χ′(−√log |w| log r))2
(− log |w|)|w|2 dV2(w)
≥ ∫
∆r(w0)
2π(χ′(−√log(|w0| − r) log r))2
(− log(|w0| − r))(|w0|+ r)2 dV2(w)
≥ 4π
2(χ′(log r))2
9(− log r).r2 .
Now, we assume by contradiction that there exists a sequence of bounded convex non-
decreasing functions χm : (−∞, 0)→ (−∞, 0) such that χm ց Id and (ddcχm(u))2 w→ 0
as m → ∞. Observe that for any χm, there exists a sequence of smooth, convex,
non-decreasing function χmk such that χmk ց χm and χmk = const in some interval
(−∞,−Mmk). Replacing χm by χmkm with km ≫ 1, we can assume that χm is smooth
and χm = const in some interval (−∞,−Mm).
Since χm ց Id, we have lim
m→∞
χ′(t) = 1 for all t ∈ (−∞, 0). Then, for any w0 ∈
∆ \ {0} and 0 < 2r < min{|w0|, 1− |w0|},
0 = lim
m→∞
(ddcχm(u))
2 ≥ lim
m→∞
4π2(χ′m(log r))
2
9(− log r).r2 =
4π2
9(− log r).r2 > 0.
We have a contradiction. The proof is completed.
Appendix A. Comparison principle
In this appendix, we will give the details of a proof of the following theorem:
Theorem A.1. Let Ω ⊂ Cn be a bounded domain. Let u, v ∈ PSH(Ω) ∩ L∞(Ω) such
that
lim inf
Ω∋z→∂Ω
(u(z)− v(z)) ≥ 0.
Assume that T is a closed, positive current of bidegree (n− q, n− q) in Ω. Then∫
{u<v}
(ddcv)q ∧ T ≤ ∫
{u<v}
(ddcu)q ∧ T.
The arguments used in this appendix are based on [BT82], [Ceg88], [Kli91], [Dem],
[Kol05].
Lemma A.2. Let u0, ..., uq be locally bounded plurisubharmonic functions in a do-
main Ω ⊂ Cn (0 ≤ q ≤ n) and let uk0, ..., ukq be decreasing sequences of plurisubhar-
monic functions converging pointwise to u0, ..., uq. Let T be a closed, positive current
of bidegree (n − q, n − q) in Ω. Then uk0ddcuk1 ∧ ... ∧ ddcukq ∧ T converges weakly to
u0dd
cu1 ∧ ... ∧ ddcuq ∧ T.
Lemma A.3. Let Ω ⊂ Cn be a domain. If u, v ∈ C2(Ω) and T is a positive current of
bidegree (n− 1, n− 1) in Ω satisfying
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Ω
ω ∧ T <∞,
then
| ∫
Ω
du ∧ dcv ∧ T |2 ≤ ∫
Ω
du ∧ dcu ∧ T ∫
Ω
dv ∧ dcv ∧ T,
where ω = ddc|z|2.
Theorem A.4. Let T be a closed, positive current of bidegree (n− q, n− q) in B2 :=
B(0, 2) ⊂ Cn (1 ≤ q ≤ n). If uj ∈ PSH(B2) ∩ L∞(B2) is a decreasing sequence,
convergent to u ∈ PSH(B2) ∩ L∞(B2), then
lim
j→∞
(
sup{∫
B1
(uj − u)(ddcv)q ∧ T : v ∈ PSH(B2), 0 ≤ v ≤ 1}
)
= 0.
Proof. Without loss of generality, we can assume that 0 < uj, u < 1, uj are smooth
and uj = u in B2 \ B¯1.
Take v ∈ PSH(Ω, (0, 1)). We define ̺(z) = 10|z|2 − 20 and
w =
{
max{̺, v+1
2
} in B2,
̺ in Cn \B2,
w˜ = max{̺, 1}.
Then, w, w˜ ∈ PSH(Cn) and w = w˜ = ̺ in Cn \ B3/2. If χǫ is the standard smooth
kernel and 0 < ǫ ≪ 1 then wǫ := w ∗ χǫ = w˜ ∗ χǫ =: w˜ǫ in Cn \ B3/2 and w˜ǫ = 1 in a
neighborhood of B¯1.
We have, for and k, j ∈ Z+,∫
B¯1
(uj − uk)(ddcwǫ)q ∧ T =
∫
B2
(uj − uk)(ddcwǫ)q ∧ T
= − ∫
B2
d(uj − uk)dcwǫ(ddcwǫ)q−1 ∧ T
= − ∫
B2
d(uj − uk)dc(wǫ − w˜ǫ)(ddcwǫ)q−1 ∧ T
= − ∫
B¯1
d(uj − uk)dc(wǫ − w˜ǫ)(ddcwǫ)q−1 ∧ T.
By using Lemma A.3 and Chern-Levine-Nirenberg theorem, we have, for any k ≥ j,
| ∫
B¯1
d(uj − uk)dc(wǫ − w˜ǫ)(ddcwǫ)q−1 ∧ T |
≤
(∫
B¯1
d(uj − uk)dc(uj − uk)(ddcwǫ)q−1 ∧ T
)1/2
×
(∫
B¯1
d(wǫ − w˜ǫ)dc(wǫ − w˜ǫ)(ddcwǫ)q−1 ∧ T
)1/2
≤
(
− ∫
B¯1
(uj − uk)ddc(uj − uk)(ddcwǫ)q−1 ∧ T
)1/2
×
(
− ∫
B3/2
(wǫ − w˜ǫ)ddc(wǫ − w˜ǫ)(ddcwǫ)q−1 ∧ T
)1/2
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≤
(∫
B¯1
(uj − uk)ddcuk(ddcwǫ)q−1 ∧ T
)1/2
×
( ∫
B3/2
(ddcwǫ)
q ∧ T
)1/2
≤ C.‖T‖1/2B5/3
(∫
B¯1
(uj − uk)ddcuk ∧ (ddcwǫ)q−1 ∧ T
)1/2
,
where C > 0 depends only on n, q. Repeating this argument q − 1 times, we get
∫
B¯1
(uj − uk)(ddcwǫ)q ∧ T ≤ A
(∫
B¯1
(uj − uk)(ddcuk)q ∧ T
)B
.
where A,B > 0 depend only on n, q. Hence∫
B¯1
(uj − uk)(ddcv)q ∧ T = 2n lim
ǫց0
∫
B¯1
(uj − uk)(ddcwǫ)q ∧ T ≤
2nA
(∫
B¯1
(uj − uk)(ddcuk)q ∧ T
)B
.
Letting k →∞ and taking the supremum with respect to v ∈ PSH(B2, (0, 1)), we get
sup
v
∫
B¯1
(uj − u)(ddcv)q ∧ T ≤ 2nA
(∫
B¯1
(uj − u)(ddcu)q ∧ T
)B
.
By using Lebesgue’s dominated convergence theorem, we obtain
lim
j→∞
(
sup{∫
B1
(uj − u)(ddcv)q ∧ T : v ∈ PSH(B2), 0 ≤ v ≤ 1}
)
= 0.

If Ω ⊂ Cn is a domain, T is a closed, positive current of bidegree (n− q, n− q) in Ω
and K is a compact subset of Ω, we define
C(K,Ω, T ) = sup{∫
K
(ddcv)q ∧ T : v ∈ PSH(Ω), 0 ≤ v ≤ 1}.
If U ⊂ Ω, we put
C(U,Ω, T ) = sup{C(K,Ω, T ) : K is a compact subset of U}.
Corollary A.5. Let u ∈ PSH(Ω) ∩ L∞(Ω), where Ω ⊂ Cn is a domain. Let T be a
closed, positive current of bidegree (n − q, n − q) in Ω, where 1 ≤ q ≤ n. For each
ǫ > 0, there exists an open set U ⊂ Ω such that C(U,Ω, T ) < ǫ and the restriction of
u in Ω \ U is continuous.
Lemma A.6. The theorem A.1 is true when u and v are continuous.
Proof. In this case we may suppose that for each w ∈ ∂Ω,
lim
Ω∋z→w
(u(z)− v(z)) = 0,
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and u < v in Ω. For ǫ > 0, we define vǫ = max{v − ǫ, u}. Then vǫ = u near ∂Ω.
Given ǫ > 0, choose a non-negative function φ ∈ C∞0 (Ω) such that φ ≡ 1 in a
neighbourhood of the closure of the set where vǫ > u. Then∫
Ω
φ(ddcvǫ)
q ∧ T = ∫
Ω
vǫdd
cφ ∧ (ddcvǫ)q−1 ∧ T
=
∫
Ω
uddcφ ∧ (ddcu)q−1 ∧ T
=
∫
Ω
φ(ddcu)q ∧ T.
Hence ∫
Ω
(ddcvǫ)
q ∧ T = ∫
Ω
(ddcu)q ∧ T.
Moreover, for any ψ ∈ C0(Ω, [0, 1]),∫
Ω
ψ(ddcv)q ∧ T = lim
ǫ→0
∫
Ω
ψ(ddcvǫ)
q ∧ T ≤ ∫
Ω
(ddcvǫ)
q ∧ T.
Thus, ∫
Ω
(ddcv)q ∧ T ≤ ∫
Ω
(ddcu)q ∧ T.

Proof of Theorem A.1. By considering u+ 2δ instead of u and then letting δ ց 0, we
can assume that
lim inf
Ω∋z→∂Ω
(u(z)− v(z)) ≥ 2δ > 0,
and it remains to show that∫
{u<v}
(ddcv)q ∧ T ≤ ∫
{u<v+δ}
(ddcu)q ∧ T.
Then the set S = {u < v+δ} is relatively compact in Ω. Therefore we can find decreas-
ing sequences of continuous plurisubharmonic functions uj, vj in an open neighborhood
Ω1 of S¯ such that lim uj = u, lim vj = v and uj ≥ vj on Ω1 \ Ω2 for all j, where Ω2 is
open such that S¯ ⊂ Ω2 ⋐ Ω1.
Choose M > 2max{‖u‖Ω, ‖u1‖Ω1, ‖v‖Ω, ‖v1‖Ω1}.
By Lemma A.6, if j ≥ k, we have,∫
{uk<vj}
(ddcvj)
q ∧ T ≤ ∫
{uk<vj}
(ddcuk)
q ∧ T.
Take ǫ > 0. Let Gǫ be an open subset of Ω1 such that C(Gǫ,Ω1, T ) < ǫ and the
restrictions of u and v to Ω1 \ Gǫ are cotinuous. By Tietze’s extension theorem, there
is a function f ∈ C(Ω1) such that f = v on Ω1 \Gǫ. By Lemma A.2, we have∫
{uk<f}
(ddcv)q ∧ T ≤ lim inf
j→∞
∫
{uk<f}
(ddcvj)
q ∧ T.
Moreover,
{uk < f} ∪Gǫ = {uk < v} ∪Gǫ.
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Therefore∫
{uk<v}
(ddcv)q ∧ T ≤ ∫
{uk<f}
(ddcv)q ∧ T + ∫
Gǫ
(ddcv)q ∧ T
≤ lim inf
j→∞
∫
{uk<f}
(ddcvj)
q ∧ T + ∫
Gǫ
(ddcv)q ∧ T
≤ lim inf
j→∞
∫
{uk<vj}∪Gǫ
(ddcvj)
q ∧ T + ∫
Gǫ
(ddcv)q ∧ T
≤ lim inf
j→∞
∫
{uk<vj}
(ddcvj)
q ∧ T + 2MnC(Gǫ,Ω1, T )
≤ lim
j→∞
∫
{uk<vj}
(ddcuk)
q ∧ T + 2MnC(Gǫ,Ω1, T )
≤ ∫
{uk≤v}
(ddcuk)
q ∧ T + 2MnC(Gǫ,Ω1, T ).
Hence
(9)
∫
{uk<v}
(ddcv)q ∧ T ≤
∫
{uk≤v}
(ddcuk)
q ∧ T + 2MnC(Gǫ,Ω1, T ).
Fix k0 > 0 and denote C(k0) = C({uk0 > u+ δ}∩Ω2,Ω1, T ). We have lim
k0→∞
C(k0) = 0.
Moreover, for any k > k0,
{uk ≤ v} ⊂ {uk0 ≤ v + δ} ∪ ({uk0 > u+ δ} ∩ Ω2).
Then
(10)
∫
{uk≤v}
(ddcuk)
q ∧ T ≤
∫
{uk0≤v+δ}
(ddcuk)
q ∧ T +MnC(k0).
By the compactness of {uk0 ≤ v + δ}, we have
(11) lim sup
k→∞
∫
{uk0≤v+δ}
(ddcuk)
q ∧ T ≤
∫
{uk0≤v+δ}
(ddcu)q ∧ T.
Combining (9), (10) and (11), and letting k →∞, we get∫
{u<v}
(ddcv)q ∧ T ≤ ∫
{uk0≤v+δ}
(ddcu)q ∧ T + 2MnC(Gǫ,Ω1, T ) +MnC(k0).
Letting k0 →∞ and ǫ→ 0, we obtain∫
{u<v}
(ddcv)q ∧ T ≤ ∫
{u<v+δ}
(ddcu)q ∧ T.

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